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Study on the Periodic Flows in a Rectangular Container
Under a Background Rotation

Yong Kweon Suh*, Jae Hyun Park
School of Mechanical and Industrial System Engineering, Dong-A University,
840 Hadan-dong, Saha-gu, Pusan 604-714, Korea
Sung Kyun Kim, Young Rak Son
School of Mechanical Engineering, KunKook University,
Whayang-dong, Kwangjin-gu, Seoul 143-701, Korea

We present numerical and experimental results of the periodic flows inside a rectangular

container under a background rotation. In numerical computation, a parallel-computation
technique with MPI is implemented. Flow visualization and PIV measurement are also per-
formed to obtain velocity fields at the free surface. Through a series of numerical and experi-
mental works, we aim to clarify the fundamental reasons of discrepancy between the two-
dimensional computation and the experimental measurement, which was detected in the

previous study for the same flow model. Specifically, we check if the various assumptions

prerequisite for the validity of the classical Ekman pumping law are satisfied for periodic flows

under a background rotation.
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1. Introduction

In this study we present the results of numerical
as well as experimental study on the periodic
flows in a rectangular container which rotation-
ally oscillates under a background rotation. For
the same flow model, Suh and Kim (1998), Suh
et al. (2000) conducted two-dimensional com-
putation with a proposed Ekman pumping model
and compared the results with the flow visual-
ization. In their study the primary conclusion is
that at low Rossby numbers the two results agree
well with each other, whereas at the Rossby num-
ber 0.3 significant discrepancy exists.

On the other hand, when the proposed Ekman
pumping law was applied to a simple spin-up
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flow inside a rectangular container (Suh, 1994,
2003 ; Suh and Choi, 2002) pioneered by van
Heijst et al. (1990), the agreement was satisfactory
even at relatively high Rossby numbers. This then
indicates that there must be some physical ex-
planation for the difference between the two flow
models associated with such discrepancy. The
main purpose of this study is to find, if any,
what may cause such discrepancy in the periodic
flows.

Compared with simple spin-up flows inside a
circular or rectangular container, flows driven
by a periodic forcing inside a circular container
(Hart, 1990) or a rectangular container (Suh et
al,, 1998, 2000) provide persistent flows which
are pertinent in real oceans or atmospheres ; the
periodic forcing mimics, for instance, winds
over oceans whose directions are periodically
changed.

In this study we conduct three-dimensional
computation and flow-visualization experiment
for the water flow inside a rectangular container
of the horizontal aspect ratio 2. The main pur-
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pose of this study is to capture fundamental
reasons for the early-reported discrepancy be-
tween the two-dimensional computation and the
flow visualization. The ultimate goal of the series
of our studies is to develop an improved Ekman
pumping model.

2. Flow Model and Governing
Equations

2.1 Flow model

Figure 1 shows the flow model and the coordi-
nate system. The container rotates around the
vertical axis x*=gal/2, y*=L/2 with an angular
velocity Q2(¢) which is composed of a constant
value £, (background rotation) and a periodic
one; =0+, sin w*t*, see Fig. 2. The fluid
depth is denoted by H, the width of the container
by L, and the length by al where a corresponds
to the horizontal aspect ratio. In this study we
confine ourselves to a=2.

2.2 Governing equations
Scaling the velocities by L, the time by

x*

Fig. 1 Schematic diagram of the model basin
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Fig. 2 Angular velocity of the turn table

1/,, the spatial coordinates by L, and the pres-
sure by pL?£2,0,, we can obtain the nondimen-
sional governing equations as follows.
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Here ¢ is the dimensionless time, x, y, 2, are
dimensionless coordinates corotating with the
container, and #, v, w are dimensionless velocity
components along the x—, y—, and 2— direc-
tions, respectively. The function f=sin wt re-
presents the oscillatory component of the table’s
angular velocity and its derivative with respect
to the time produces the body forces, the last
terms of Eq. (2a) and (2b). Dimensionless para-
meters appearing in the above formulations and
the subsequent analysis are

_Lz.Qa -Qa _C()a'l _E
Re== % e=3g% 0= o =T (3)

where Re is the Reynolds number, € the Rossby
number, @ the dimensionless angular velocity of
the periodic rotational motion of the table and 2
the dimensionless liquid depth.

We define the kinetic energy E (2, ¢) averaged
over a horizontal plane of the domain as

E(z t) =%_/( w*+ 1) dxdy (4

for use in the analysis. The area A of the hori-
zontal plane is 2 in this study.
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3. Numerical and Experimental
Methods

3.1 Numerical methods

The spatial derivatives in the governing equa-
tions are discretized with a central difference
scheme and the time derivative by the explicit
Euler method. Depending on Re, the time step
At was adjusted within the range 0.001~0.005.
For the efficiency of the calculation in the parallel
architecture, the pressure equation was solved by
using PCGM (pre-conditioned conjugate gradi-
ent method) together with the D-ILU (diagonal-
incomplete LU) as a pre-conditioner.

No-slip and impermeable conditions are ap-
plied as boundary conditions on the solid walls,
and no-stress condition on the free surface. The
pressure conditions on the solid boundaries are
given by applying these conditions to the Egs.
(2a) ~(2c) for the corresponding boundaries,
and that on the free surface is maintained 0.

We conducted the numerical computations for
three cases as shown in Table I. The number of
grids for all cases is J XJ X K=150X75X30.

3.2 Experimental methods

Figure 3 shows the experimental apparatus.
The horizontal dimension of the rectangular con-
tainer is 0.3[m] X0.15[m]. The angular speed
of the table is adjusted by a servo motor. Adjust-
ment of the table’s speed is as shown in Fig. 2.
In this study the angular speeds are; £2,=3.29
[rpm], £2,=0.663[rpm] for the case 1, £2,=S$
[rpm], 2.=1{rpm] for the case 2 and £2,=3.34
[rpm], £;=1[rpm] for the case 3. The angular
speed of the modulation for the table’s rotational
oscillation is @w*=0.263[rpm] for the case 1 and
w*=0.4[rpm] for the case 2 and 3.

Particles used in the flow visualization are
acrylic powders with the average diameter 0.35
mm and the specific gravity 1.18. Since the flow
is slowly decaying in time (almost steady), the
size of the particles for the PIV analysis is thought
to be reasonably selected considering the con-
tainer size. A CCD camera (made by Lavision
Co. with maximum resolution 1208 % 1024) is
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Table 1 Parametric values for each computational

case
case 1 2 3
Re 1548 2356 2356
w 0.4 0.4 0.4
€ 0.2 0.2 0.3
h 0.4 0.4 0.4

Flow Visualization Image Capture &
. Velocity Computation

P

3 Motor Control

£ ]
-
)

1. Rectangular Container 2. Turntable

3. Servo Motor 4. Timing Belt

5. Servo Motor Controller 6. Motor Control PC
7. Fluorescent Light 8. CCD Camera

9. Host Computer & Image Grabber

Fig. 3 Schematic diagram of the experimental appa-
ratus

used to record the particle motions on the free
surface. The software used for the PIV analysis is
‘Window with CBC’. The time interval of the two
images used in the PIV computation is 1/7 sec.
Since the flow evolution is slow, this time interval
is short enough for the result to represent the
instantaneous velocity field.

4. Results and Discussions

4.1 Periodic nature of the flows and the
horizontal flow-patterns
At low Reynolds numbers the flow remains
periodic in time. Shown in Fig. 4 is the temporal
behavior of E (4, t), the spatially averaged kine-
tic energy of the free-surface flows. These are
obtained from the numerical computation. It is
seen that the flows become periodic after a few
periods of initial transient state. All the results
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Fig. 4 Time history of the spatially averaged kinetic
energy

shown in this paper are taken during this perio-
dic state.

Comparing the case | and 2, we can see that
increase of Re evidently results in a stronger
flow, as is usual. Increase of & also results in
a stronger flow as seen by comparing the case
2 and 3. This can be explained by using the
discussions and formulations given by Suh and
Choi (2003). According to the classical Ekman
pumping law, the Ekman pumping velocity is
proportional to ,/e/Re. When this is substi-
tuted into the vorticity equation, it results in a
vorticity-dynamical equation in which d¢/d¢
is proportional to —¢//Re ¢ under the restric-
tion of small ¢ Therefore, when either Re or
€ is increased the damping coefficient 1//Re ¢
decreases, and thus the fluid motion becomes
stronger as shown in Fig. 4.

We also compared the kinetic energy averaged
over each horizontal plane and found that the
kinetic energy at the free surface is the smallest
but difference between the value at each level is
insignificant.

Figure 5 shows velocity vectors at the free
surface at four instants for the case 2. The first
frame is taken when the kinetic energy becomes
momentarily maximum after two forcing periods
as indicated by a downward arrow in Fig. 4(b).
The subsequent frames are taken at a constant
interval of time 7 /4. First of all we note that
the numerical and experimental results agree
very well with each other. This indicates that the
overall methods used in our three-dimensional
computation are relevant and trustworthy. Next,
we focus our attention on the evolution of the
flow patterns. If no Ekman pumping effects are
present and if there occurs no boundary-layer
separation from the side walls, the flow must be
purely inertial. In this ideal case, at t=2T (or 3
T, 4T, ---) the fluid must be motionless because
at this time the perturbed angular speed of the
table f=sin w! is zero. Similarly the fluid must
rotate in the clockwise direction (anticyclonic)
with maximum kinetic energy at t=2.25T, be-
come again stagnant at f=2.57, and rotate in
the counterclockwise direction (cyclonic) with
maximum kinetic energy at t=2.75T. In Fig. 5,
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however, the corresponding times are roughly
0.073T (or 26° out of 360°) ahead of this ideal
case. This is attributed to the damping caused
mostly by the Ekman pumping from the bottom

t=2.177T
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Figure 6 shows results for the case 3 in which
only the Rossby number is increased. Here the
two-dimensional numerical resuits are obtained
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Fig. 5 Velocity vectors on the free surface for the case 2
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by using the Ekman pumping model suggested
by Suh and Choi (2003). We can see that at
higher Rossby numbers, especially the coner
vortices become stronger, this is consistent with
the results shown in Fig. 4 and the reason for
the higher kinetic energy at higher Rossby num-
ber is now attributed to these coner vortices. As
explained previously this is due to decrease of
the damping coefficient at higher Rossby number.
On the other hands, the flow motion is stronger
in two-dimensional numerical results compared
with ‘three-dimensional numerical and experi-
mental results. We can infer from these results
that the 2-D equations with the Ekman pumping
model cannot reproduce the actual flow field
exactly. The significant discrepancy between the
2-D numerical result with the experimental result
is remarkable because £€=0.3 was categorized as

the parameter value at which the 2-D numerical
results were in good agreement with the experi-
mental results for the case of spin-up flows (see
e.g. Suh and Choi, 2003). Therefore we need
further studies to clarify the basic mechanism
under which such discrepancy is observed.

Figure 7 shows the streamlines at four different
horizontal planes for the case 1 at two instants
of time. This figure reveals that the flow patterns
are almost invariant of the vertical position,
which was also confirmed from the time history of
the kinetic energy at different horizontal planes.
This supports the preassumption necessary for the
classical Ekman pumping laws.

4.2 Vertical distribution of the velocity com-
ponents
Figure 8 shows the velocity vectors at four in-

a) 3-D numerical result (b)

PIV result (c)

2-D numerical result

Fig. 6 Velocity vectors on the free surface for the case 3
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stants at the vertical plane y=0.5 for the case 3.
This figure also reveals that the flow patterns
are almost independent of the vertical positions
of the plane.

The fact that the horizontal velocity-com-
ponents (#, v) are independent of the vertical
positions does not necessarily mean that the ver-
tical velocity component w is a linear function of

T e
P RN
il “'

Z as might be seen from the continuity Eq. (1).
Fig. 9 shows time history of the vertical distri-
butions of the velocity component w at y=0.75
and at three x-coordinates for a very short
duration. During this time interval, the primary
flow is cyclonic in the central region and anti-
cyclonic near the corners, Fig. 6. Therefore fol-
lowing the Ekman pumping law, the fluid is

e e B e i

R . e Y

Fig. 7 Streamline plots on the horizontal planes at ¢

=2.677T for the case |1 (left frames) and £=2.927 for the

case 2 (right frames); z2=h, 34/4. 21/4 and h/4 (from top to bottom)
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Fig. 8 Velocity vector plots on the vertical plane y=
0.5 for the case 3

predicted to be pumped from the bottom boun-
dary-layer (w>0; Fig. 9(b)) in the central re-
gion, and sucked (w<0; Fig. 9(a) and 9(c)) in
the corner regions, and these predictions are
quite right almost all over the regions. However
the distributions at x=0.016 and at x=1 are
significantly nonlinear and more importantly the
distribution changes very rapidly with time in the
central region.

Figure 10 shows time history of the vertical
velocity component at several fixed points in the
space. It also exhibits a very rapid temporal
change of the vertical velocity component at the
central region.

These figures clearly indicate that one of the
pre-assumptions for the classical Ekman pum-
ping law, that is the vertical velocity should be
proportional to (£—2z), is not satisfied. There-
fore we need somehow to admit the nonlinear
distribution of the vertical-velocity component
for an efficient two-dimensional approximation
of the rotating flows at high Reynolds numbers
and high Rossby numbers.

5. Conclusions

We can summarize our important findings in
this study as follows.
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(c) x=1984, y=0.75
Fig. 9 Distribution of the vertical velocity w at three
locations shown for the case 3 at six instants
of time
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Fig. 10 Time history of the vertical velocity w for
the case 3

(1) In general the flows become stronger as
the Reynolds number and the Rossby number
increase.

(2) The three-dimensional numerical results
are almost in a perfect agreement with the experi-
mental ones, whereas the two-dimensional nu-
merical results show a significant discrepancy.

(3) Except for the bottom Ekman boundary-
layer, the flow patterns on the horizontal planes
are almost unchanged for different vertical posi-
tions, and this satisfies the assumption of the
classical Ekman pumping law.

(4) The vertical distribution of the vertical
velocity component is no longer linear in the
central region, and moreover its variation in time
is significant, which is not consistent with the
assumption underlying the classical Ekman pum-
ping law, which must be considered to develop
an improved Ekman pumping model.
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